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The LEP investigation of the and oscillations and of the Cabibbo- 
Kobayashi-Maskawa matrix element |Vub| improve the constraints on the other 
elements of this matrix. From a fit to the experimental data and the theory cal¬ 
culations it is possible to determine the vertex of the unitarity triangle as: 

^ _ Q 1 cc+O.llS ^ — n qcq+O-063 

p — u.ioo_Q JQ 5 P — 

The corresponding values of its angles, in their customary definition in terms of 
sines for a and /3, are: 

sin2o = 0.08lp;go sin 2/3 = 0.75 ±0.10 7 = 68 ± 15°. 

The fit also yields indirect information on the compatibility with zero of the CP 
violating phase of the matrix, on some non-perturbative QCD parameters and on 
the f3° oscillation frequency. 

1 Introduction 

The Standard Model of the electroweak interactionsi predicts a mixing of the 
quark mass and weak interaction eigenstates, as described by the Cabibbca 
Kobayashi-Maskawi (CKM) matrix. This 3x3 unitary matrix can be writtenB 
in terms of only four real parameters: 

/Vud Vus V„b\ / 1-f A 

Vcd Vcs Vcb U -A 1 - f 

\Vtd Vts Vtb / \ AX^ {1 — p — irj) —AX^ 

A, p and t] are of the order of the unity and A is chosen as the sine of the 
Cabibbo angle. This parametrisation, that holds to order A'^, shows immedi¬ 
ately the hierarchy of the couplings of the quarks in the charged current part of 
the Standard Model Lagrangian. Moreover, the parameter rj gives the amount 
of the complex phase of the matrix and is thus directly related to the known 
violation of the CP symmetry produced by the weak interaction. The study 
of its compatibility with zero is thus of great interest. 

The parameters A and A are known with an accuracy of a few percent 
and the determination of p and ry is presented in what follows. This can be 
achieved by means of a fit of the theory modelling of some physical processes 
to the experimental data. 
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The measurement of the p and 77 parameters 
is usually associated to the determination of 
the only unknown vertex of a triangle in the 
p—T] plane whose other two vertices are in (0,0) 
and (1,0). This triangle, called the unitarity 
Figure 1: The unitarity triangle, triangle, is shown in Figure 1. 

2 Constraints 

The value of the sine of the Cabibbo angle is known with a good accuracy^ as: 

A = 0.2196 ±0.0023. 

The parameter A depends on A and on the CKM matrix element |Vcb| and 
can be extracted as: ^ 

A = = 0.819 ±0.035, 

where it has been use 

|Vcb| = (39.5 ± 1.7) X 10"^ 

The four physical processes that show the largest sensitivity to the values 
of the CKM parameters p and rj are described below. 




2.1 CP Violation for Neutral Kaons 

The violation of the CP symmetry has been observed, to date, only in the 
neutral kaon system, whose mass eigenstates can be written as: 

\Ks) = p\K°) ± q\K0) \Kl) = p\K°) - q\K°). 


The relation p q implies the violation of CP that, in the Wu-Yang phase 
convention^, is described by the parameter ck defined as: 

P_ _ 1 ± ex 
q 1 - ex ' 

Information from the precise measurements_pf the Ks tt+tt” and 
7 r+ 7 r“ decay rates lead to the determination □: 

|ex| = (2.280 ±0.019) x 10“^ 

The relation of |ex| with the CKM matrix parameters can be writteni’0 as: 


|eic| = 


GpfK'^Km'^ 

Ov^TT^Amx 


Bk (A^X^v) 


X 
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( 2 ) 


X [vc ijicthivc yt)vcc) + vttytf2{yt)A^X‘^ (1 - p) ] 

The functions /a and /2 of the variables yi = ml /can be found in 

From the value of the mass of the top quark reported by the CDF and DO 
collaborationsQ, 173.8 ± 5.2 GeV, and the scaling proposed inB one obtains: 

rni{mt) = 166.8 ±5.3 GeV, 

while the mass of the charm quark isS: 

rn^{mc) = 1.25 ±0.15 GeV. 

The QGD corrections are calculated i0’0 to be: 

? 7 cc = 1.38 ± 0.53, 77tt = 0.574 ±0.004 and ryct = 0.47 ± 0.04. 

The larger theoretical uncertainty that affects this constraint is that on the 
“bag” parameter Bk, that reflects non-perturbative QCD-|Contributions to 
the process. Using the value of the JLQCD collaborationJla, Bk{‘2 GeV) = 
0.628 ± 0.042, with a calculation similar to that reported inllj, it is possible to 
derive: 

Bk = 0.87 ±0.14. 

The other physical constants of this and of the following constraints are 
reported in the left Imlf of Table 1, whose numerical values not described in 
the text are all fromQ. This constraint has the shape of an hyperbola in the 
p — rj plane. 


2.2 Oscillations of B^ Mesons 

Neutral mesons containing a b quark show a behaviour similar to neutral kaons. 
The mass difference Amd of the two interaction eigenstates is the key feature 
of the physics while the lifetime difference dominates the effects in the neutral 
kaon system. The LEP experiments have measuiied Amd by investigating the 
oscillations of one GP eigenstate into the otherOJ: 

Amd = 0.466 ± 0.019ps“^. 


The relation of Amd with the CKM parameters, making use of the Standard 
Model description of the box diagrams that give rise to the mixing, is: 


Amd = 


w^'b 


(/Bd\/^Bd) VBytf2{yt)AX^ {l-pf+y 


( 3 ) 
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The calculated value of the QCD correction is 100: 

r]B = 0.55 ±0.01, 

while the non-perturbative QCD parameter /b^ \/Bb^, is taken as0: 

= (0.201 ± 0.042) GeV. 

This measurement of Am^ constraints the vertex of the unitarity triangle to a 
circle in the p — rj plane, centred in (1, 0). 


2.3 Oscillations of Mesons 

mesons are believed to undergo a mixing analogous to the B^ ones, but their 
larger mass difference Amg is responsible, for faster and thus still undetected 
oscillations. The combined LEP limit isllj: 


Amg>10.2ps-^ (95%C.L.). 


The expression for Am^ in the Standard Model is similar to that for Am^ and 
their ratio yields: 


AttIs = ArUf 


1 rnB,_^2 


1 


All the theoretical uncertainties are included in the quantity evaluated as 


( 4 ) 

0 : 


fs, a / Bb, 

This experimental lower limit excludes all the values of the vertex of the 
unitarity triangle outside a circle in the p — rj plane with centre in (1, 0). 


2-4 Charmless Semileptonic b Decays 

Each of the three constraints described above is affected by a large non- 
perturbative QCD uncertainty on some parameters, respectively Bk, fBd 
and It follows from the CKM matrix parametrisation (|^) that: 

|Vub|/|Vcb| = Av^TT^. (5) 

An experimental determination of either |Vub| or the ratio |Vub|/|Vcb| is thus 
a constraint unaffected by these uncertainties. 


4 











The CLEO collaboration measured both the |Vub|/|Vcb| rMio and the 
valuejjf |Vub| by means, respectively, of the endpoint of inclusiveli3 and exclu¬ 
sive EZI charmless semileptonic b decays, obtaining the results: 

|V,b|/|Vcb| = 0.08 ± 0.02 and |Vub| = (3.3 ± 0.2j ± 0.7) x IQ-^, 


where the uncertainties on the second measurement are respectively statistical, 
systematic and theoretical. The ALEPH and L3 collaborations have recently 
measured at LEP the inclusive charmless semileptonic branching fraction of 
beauty, hadrons, Br(b —> Xu£i^), from which the value of |Vub| can be extracted 
as inll3. From the experimental results: 


ALEPH 

L3 


Br(& ^ Xu^v) 
Br(& —> Xuiv) 


(1.73 ±0.55 ±0.55) x 
(3.3 ± 1.0 ± 1.7) X 10-3, 


where the first uncertainty is statistical and the second systematic, the follow¬ 
ing average can be obtained: 


Br(b ^ X^£v) = (1.85 ± 0.52 ± 0.59) x 


with the same meaning of the uncertainties. This value mak^it possible to 
determine |Vub| at LEP by means of the formula described inE3 as: 

IVubi = (4.5;°:®t°:^±o.2) x 10-3. 

The first uncertainty is statistical, the second systematic and the third theo¬ 
retical. The combination of this value with the CLEO exclusive one gives: 

IVubI = (3.8 ±0.6) X 10-3, 

that, with the quoted value of |Vcb|, yields: 

|Vub|/|Vcb| = 0.093 ±0.016. 

A circle in the p — rj plane with centre in (0,0) represents this constraint. 
Figure 2a shows all the described constraints. 


3 Fit Procedure and Results 

The p and t] parameters can be determined with the following fit procedure. 
The experimental and theoretical quantities that appear in the formulae de¬ 
scribing the constraints have been fixed to their central values if their errors 
were below the 2%, and are reported in the left half of Table 1. The quantities 
affected by larger errors have been used as additional parameters of the fit. 
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including a constraint on their value, 
minimised using the MINUIT package 


a 


e following expression has then been 






{rric - mcf {mt - mtf 


(^ BK-BKy 


+ 


iVcc 'Hcc) 


'Bk 


{fht-Vctf , ^ (f-^) ^ (,'ivl'l' Iv:"' 

o “r o o "d" o 


Vet 




|V,Ki 


+ 


(le/fl-le^l) (Amrf-Amd) (l-^(Am,)f 

O Q “t“ r. 


’Wk\ 


Amj 


^ A{Arris) 


2 

- + 


The symbols with a hat represent the reference values measured or calculated 
for a given physical quantity, as listed in the right half of Table 1, while the 
corresponding a are their errors. The parameters of the fit are p, 77 , A, rric, rrit, 
Bk, Vcc, Vet, fBd\P^Bd that are used to calculate the values of \tK\, 

Arud, Arus and |Vub|/Vcb| by means of the formulae (I), (i, ® and (1). 

The ArUs limit has been included in the suggested inE3. The results 
of the search_for B^ oscillations are combined EJ in terms of the oscillation 
amplitude ^Ej, a parameter that is zero if no oscillations are observed and is 
compatible with one in presence of a signal. The information on the dependence 
of both A and its error on Am^ is fully taken into account by comparing A 
with one within its error. 

The results of the fit are the following: 


P = 


0.155tE];}J| 77 = 0.383 


+ 0.063 

- 0 . 060 - 


The 95% Confidence Level regions for p and 77 are: 


-0.10 <p< 0.35 0.27 <v< 0.50 (95%C.L.). 


Figure 2b shows these confidence regions together with the favoured unitarity 
triangle, also superimposed on to the constraints of Figure 2a. 

From these results it is also possible to determine the value of the angles 
of the unitarity triangle as: 

sin2a = 0.08t°;^3 sin2/3 = 0.75 ± 0.10 7 = 68±15°, 
and, at the 95% of Confidence Level: 


-0.75 < sin2 q! < 0.94 0.54 < sin2/3 < 0.91 43° < 7 < 107° (95%C.L.). 
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Table 1: Values of the physical constants (left) and parameters of the fit (right). 


A 

= 0.2196(23) 

A 

= 0.819(35) 

Gf 

= 1.16639(1) X 10-5 GeV-2 

rjct 

= 0.47(4) 

Ik 

= 0.1598(15) GeV 

rjcc 

= 1.38(53) 

Auik 

= 0.5304(14) X 10-2 ps-i 

rn7{mc) 

= 1.25(15) GeV 

rriK 

= 0.497672(31) GeV 

Whimt) 

= 166.8(5.3) GeV 

mw 

= 80.375(64) GeV 

/Sd \/ Bb^ 

= 0.201(42) GeV 

ruBd 

= 5.2792(18) GeV 

Bk 

= 0.87(14) 

rriB, 

= 5.3962(20) GeV 


= 1.14(8) 

rriB 

= 5.290(2) GeV 

kfcl 

= 2.280(19) X 10-5 

Vb 

= 0.55(1) 

Arrid 

= 0.466(19) ps-5 

Pit 

= 0.574(4) 

|Vub|/|Vcb| 

= 0.093(16) 


The accuracy on sin 2/3 from these indirect studies is already of the same level 
of that expected to be achieved with the direct measurement at B-factories 
due to start in the near future. 

4 Consequences of the Fit 

As different models have been proposed to explain the CP violation in the 
neutral kaon system, it is of interest to remove from the fit the constraints 
related to this process and then investigate the compatibility of rj with zero. 
This procedure yields the following results, also displayed in Figure 2c: 

„ _ f) 1 n — 0 404+*^ ™- 

p— U.iZD_Qgg4 P — U.UUU_g gg, 

rj is not compatible with zero at the 95% of Confidence Level either: 

-0.120 < p < 0.366 0.176 < p < 0.540 (95%C.L.). 

It is interesting to remove from the fit the constraints on the parameters 
affected by the largest theory uncertainty: Bk and This allows to 

extract information on their values and to determine p and p independently of 
these uncertainties. This method for the parameter Bk yields: 

p = 0.126™ p = 0.404™ BK = 0.76l°of6- 

The favoured centxal value of Bk is lower than the input one, as suggested 
by other analyses t3. The same procedure with /b^ ^ parameter 
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leads to the results: 

p = 0.19lt°:1^3i ry = 0.378™ /s,= 0.222™ GeV. 

The value of \/Bb^ agrees with the predicted one and shows a smaller 
uncertainty. 

The Arris constraint has a big impact on the p negative error as can be 
observed by removing it from the fit, what gives: 

„ _ p 1 cc+0.115 „ _ n 000+0.064 

p — U.iOO_g 204 — 0<.OOZ_0 060- 

-0.46 < p< 0.35 0.27 < ry < 0.51 (95%C.L.), 
as shown in Figure 2d. The confidence regions for Arris can be extracted as: 

Arris = 15.0t4;4ps“^ 

5.6ps“^ < Ams < 23.9ps“^ (95%C.L.), 
to be compared with the LEP expected sensitivity: Arris < 13ps“^lil. 

5 Summary 

The precise LEP measurements of Arrid, the limits on Arris and the recent 
determination of |Vub| improve the constraints on the CKM matrix elements. 

With a ht to these constraints it is possible to determine the vertex of the 
unitarity triangle: 

„ _ Q 1 cc+0.115 „ — 0 OOO+0.063 

P — U.iOO_Q 405 rj — U.OSO_o 060J 

what yields for its angles: 

sin 2a = O.OSt^'gg sin 2/3 = 0.75 ±0.10 7 = 68 ± 15°. 

The precision on sin 2/3 is comparable with the expected one from direct mea¬ 
surement at future B factories. Moreover, the presence of a complex phase in 
the matrix is established at more than the 95% of Confidence Level even re¬ 
moving from the analysis the constraints from the CP violation in the neutral 
kaon system. Assuming the Standard Model, the fit also gives: 

0-222™ GeV Am, = 15.0tllps-i. 


Acknowledgements 

I am grateful to the organisers of this workshop for having invited me to 
present these results and to Joachim Mnich for the useful discussions on the 
fit procedure. 








Figure 2: a) The constraints and the favoured unitarity triangle; the constraint coming 
from oscillations is a limit at 95% of Confidence Level, while the others represent a 
±lcr variation of the experimental and theoretical parameters entering the formulae in the 
text, b) c) and d) The fit unitarity triangle and the confidence regions for its vertex in the 
following assumptions: b) the fit to all the data, c) the constraints from the neutral kaon 
system are not applied, d) the constraint from the oscillations is not applied. The band 
in d) displays the values of p and rj corresponding to a value of Arris between the lower limit 
and the LEP sensitivity. The central values of the constraints and the Arris limit are also 
shown in b) and c). 
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